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1 Summations

1.1 & Arithmetic Series

Let (a;)i=0 be an arithmetic sequence with common difference d. Then for some
neN,

Z 0 = (n+ 1)(2(10 + an)‘ )
=0

¥ - Real. Arithmetic.sum_recursive_closed

Proof. Let (a;)i>0 be an arithmetic sequence with common difference d. By
definition, for all k € N,
ap = (a() + kd) (2)

Define predicate P(n) as ”identity (1) holds for value n.” We use induction to
prove P(n) holds for all n = 0.

Base Case Let k = 0. Then

b 2a0  (k+1)(ao + ax)
Z a; =g = —(/ = ————(—————.
= 2 2

Therefore P(0) holds.
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Induction Step Assume induction hypothesis P(k) holds for some k& > 0.
Then

k+1 k
Zai = Zai+ak+1
i=0 i=0

= %M + ag+1 induction hypothesis
- br Do+ (o2 M)y (g 1 1 4 1)a) @)
- B DB kD | (g 4 (k+ 10

(k+1)(2a0 + kd) + 2a¢ + 2(k + 1)d

2kag + k2d + 4a02+ kd + 2kd + 2d

(k+2)(2a0 + kd2+ d)

(k+ 2)(a02+ ap + (k + 1)d)

2

_ (k+ 2)(a§ + k1) (2)

((k+1) +1)(ao + ars1)

2

Thus P(k) implies P(k + 1) holds true.

Conclusion By mathematical induction, it follows for all n = 0, P(n) is true.
(m]

1.2 & Geometric Series

Let (a;)i=0 be a geometric sequence with common ratio r # 1. Then for some
neN,

iai _ ao(l—T"H). 3

= 1—r

P - Real.Geometric.sum_recursive_closed

Proof. Let (a;);=0 be a geometric sequence with common ratio r # 1. By
definition, for all k € N,
ay = agr®. (4)

Define predicate P(n) as ”identity (3) holds for value n.” We use induction to
prove P(n) holds for all n > 0.
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Base Case Let k= 0. Then

Therefore P(0) holds.

Induction Step Assume induction hypothesis P(k) holds for some k > 0.
Then

k41 k
Eai = Zai—kakﬂ
i=0 i=0
= %(11_77:”1) + apt1 induction hypothesis
k+1
_ a0(11:r7,+ ) + agrtH (4)
~ap(l— rFH) £ oaerF (1 — )
B 1—r
~ag(L— 7t (1 — )
B 1—r
ao(l _ rkz+1 + Tk+1 _ Tk+2)
- 1—r
~ap(l - rk+2)
i —
ag(1 — r(kFDH)
- 1—r

Thus P(k) implies P(k + 1) holds true.

Conclusion By mathematical induction, it follows for all n = 0, P(n) is true.
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