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1 Summations

1.1 ¥ Arithmetic Series

Let paiqiě0 be an arithmetic sequence with common difference d. Then for some
n P N,

n
ÿ

i“0

ai “
pn ` 1qpa0 ` anq

2
. (1)

Ñ - Real.Arithmetic.sum recursive closed

Proof. Let paiqiě0 be an arithmetic sequence with common difference d. By
definition, for all k P N,

ak “ pa0 ` kdq. (2)

Define predicate P pnq as ”identity (1) holds for value n.” We use induction to
prove P pnq holds for all n ě 0.

Base Case Let k “ 0. Then

k
ÿ

i“0

ai “ a0 “
2a0
2

“
pk ` 1qpa0 ` akq

2
.

Therefore P p0q holds.
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Induction Step Assume induction hypothesis P pkq holds for some k ě 0.
Then

k`1
ÿ

i“0

ai “

k
ÿ

i“0

ai ` ak`1

“
pk ` 1qpa0 ` akq

2
` ak`1 induction hypothesis

“
pk ` 1qpa0 ` pa0 ` kdqq

2
` pa0 ` pk ` 1qdq (2)

“
pk ` 1qp2a0 ` kdq

2
` pa0 ` pk ` 1qdq

“
pk ` 1qp2a0 ` kdq ` 2a0 ` 2pk ` 1qd

2

“
2ka0 ` k2d ` 4a0 ` kd ` 2kd ` 2d

2

“
pk ` 2qp2a0 ` kd ` dq

2

“
pk ` 2qpa0 ` a0 ` pk ` 1qdq

2

“
pk ` 2qpa0 ` ak`1q

2
(2)

“
ppk ` 1q ` 1qpa0 ` ak`1q

2
.

Thus P pkq implies P pk ` 1q holds true.

Conclusion By mathematical induction, it follows for all n ě 0, P pnq is true.
˝

1.2 ¥ Geometric Series

Let paiqiě0 be a geometric sequence with common ratio r ‰ 1. Then for some
n P N,

n
ÿ

i“0

ai “
a0p1 ´ rn`1q

1 ´ r
. (3)

Ñ - Real.Geometric.sum recursive closed

Proof. Let paiqiě0 be a geometric sequence with common ratio r ‰ 1. By
definition, for all k P N,

ak “ a0r
k. (4)

Define predicate P pnq as ”identity (3) holds for value n.” We use induction to
prove P pnq holds for all n ě 0.
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Base Case Let k “ 0. Then

k
ÿ

i“0

ai “ a0 “
a0p1 ´ rq

1 ´ r
“

a0p1 ´ rk`1q

1 ´ r

Therefore P p0q holds.

Induction Step Assume induction hypothesis P pkq holds for some k ě 0.
Then

k`1
ÿ

i“0

ai “

k
ÿ

i“0

ai ` ak`1

“
a0p1 ´ rk`1q

1 ´ r
` ak`1 induction hypothesis

“
a0p1 ´ rk`1q

1 ´ r
` a0r

k`1 (4)

“
a0p1 ´ rk`1q ` a0r

k`1p1 ´ rq

1 ´ r

“
a0p1 ´ rk`1 ` rk`1p1 ´ rqq

1 ´ r

“
a0p1 ´ rk`1 ` rk`1 ´ rk`2q

1 ´ r

“
a0p1 ´ rk`2q

1 ´ r

“
a0p1 ´ rpk`1q`1q

1 ´ r
.

Thus P pkq implies P pk ` 1q holds true.

Conclusion By mathematical induction, it follows for all n ě 0, P pnq is true.
˝
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